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Geostatistics:
Principles of Spatial Interpolation

Sample Points

B f e oy Z(x): a regionalized random
e L"d‘fa;;twn S variable that is associated
-+ LS. (to be interpolated) with a true measurement,
'} A z(x), that characterizes the
_'14_ -+ guantity of a variable at

point X.




Spatial Covariance vs. Variogram

Spatial Covariance: how that variable is distributed
across space, focusing on the degree of similarity
among pairs of data points.

We can define the values of the random variable Z at
two locations, Z(x) and Z(x + h), where h represents
the distance (spatial lag) between a pair of sampling
sites.

C(h)=E[Z(x+h).Z(x)]-1?

where 1 is the stationary mean



Spatial Covariance Function

spatial structure of the data
assumption of stationary covariance
C()=E[Z(x+h).Z(x)]-1?

C(h)

'y

However, it cannot be estimated directly
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Variogram

= A variogram might be thought of as
“dissimilarity between point values as a function
of distance”, such that the dissimilarity is
greater for points that are farther apart

2y(h)=E{[Z(x+ ) — Z(x)]?

Variogram y(h)




Variogram: Mathematical definition

2y(h) = E{[Z(x + ) - Z(x)])

4

2y(h) = average[(z(f) -2(j)) ]

N(h): the number of paired comparisons at lag h.




‘ Semivariogram v(h)

TNy

n(h)

2
y(h)_hm 2[*(1 +1) = Z(x;)? |

where 7 is the number of sample points, Z(x;) is the measured sample value
at location x; Z(x;,;) is the sample value at location x;,,, regionalized vari-
able Z(x), and|n(h) is the number of pairs of observations|a distance /1 apart.
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Concept of

Semivariogram

Semivariance
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Fitting a Variogram Model

Now, we’re going to fit a variogram model (i.e., curve) to the
empirical variogram

That is, based on the shape of the empirical variogram,
different variogram curves might be fit

The curve fitting generally employs the method of least
squaresl the same method that’s used in regression analysis
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Variogram Model

Semivariance

e
o
-
o

" ¢
Presence of spatial autocorrelation No spatial autocorrelation
L] [ ]
o o 0 0 +
M (I B I $ 0
. L 4 . '
i + .1-. L
B +.%
"0
* 0 @ e Observed
N i ¢ + Averaged
ugget ~— Empirical
Range
* l ¥
0285 057 0855 114 1425 171 1995 228 2565 2.849 3.134

Distance between sampling points (meters), & x 10!




The Variogram Parameters

The variogram models are a function of three parameters,
known as the range, the sill, and the nugget.

Semivariance value where it flattens out is called a “sill.”

The distance range for which there is a slope is called the
“neighborhood”; this is where there is positive spatial
structure

The intercept is called the “nugget” and represents random
noise that is spatially independent
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‘ Variogram Models

spherical model

3k 1 (R
y(h) = cg + ¢ |:—1 - = (—l) j] for) < h < a,
2a 2 \a

y(hY)=co+cy. forh = a.

exponential model

power function

(f)
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Variogram Models

spherical model

* the most widely used.

 Monotonically non-decreasing:

as h increases, the value of y(h) does not
decrease - i.e., it goes up (until h<r) or

stays the same (h>r)

nugget (sill-nugget)

vih) = cg + )

l lﬁn_i(h
2

vik) =cp+cy. lorh = a,

Semivariance
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Variogram Models V(h) = ¢ [1 B E}:p%h}

exponential model

e similar to the spherical model, but assumes that the correlation
never reaches exactly zero, regardless of how great the distances
between points are

* In other words, the variogram approaches the value of the sill
asymptotically

* Because thessill is never actually reached, the range is generally
considered to be the smallest distance after which the covariance
is 5% or less of the maximum covariance

* The model is monotonically increasing

— l.e., as h goes up, so does y(h)



Variogram Models

Model Variogram Types
Value Model variogram type (from VarModel) Equation
i 3
1 Spherical y(h) =¢ 1-5% — 0-5(%) ]
: [ —3h
2 Exponential Y(h) = ¢ |1 — exp —
) a2
3 Gaussian y(h) =c|1— E::{p( B ) }
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Variogram Models

Semivariogram
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‘ Variogram Models

The Wave (Hole-Effect) Model

the waves exhibit a periodic pattern. A
non-standard form of spatial
autocorrelation applies. Peaks are
similar in values to other peaks, and
troughs are similar in values to other
troughs. However, note the dampening  vi? (Wave) Variogram
in the covariogram and variogram

below: That is, peaks that are closer o
together have values that are more
correlated than peaks that are father
apart (and same holds for troughs).




Steps of Variogram Modeling

(a) (b)
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(a) sampling locations (n=155) and measured variable

(b) variogram cloud showing semivariances for all pairs




Steps of Variogram Modeling (cont’d)

(c)

semivariance
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‘ Lab: Variogram (Exploring data)

= ¥ #%RE ¥ gstat

S| https://www.rdocumentation.org/packages/gstat

Spatial and Spatio-Temporal Geostatistical Modelling, Prediction and Simulation

Variogram modelling; simple, ordinary and universal point or block (co)kriging; spatio-temporal kriging; sequential Gaussian or indicator (co)simulation; variogram and

[Vl
[&]
[al
(T

Edzer Pebesma View

gStat v1.1-6 | Otherversions -+ wc?m[[\fjwly%wnloads ) FZeE?(;[eb\tile
by Ec ' e

variogram map plotting utility functions.
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R COde: Ioading data PM concentrations
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library(rgdal)

rm{ 1ist=1s5())
setwd("D: /R_Labhs")

EPA_STN <- readOGR(dsn = "EPA", layer = "EPA_STN2", encoding="utf-8")
plot(EPA_STN); head(EPA_STN)

data= EPA_STNidata
PMdata=EPA_STNCdatal"PM" ]

bubble(EPA_STN, "PM", col="red", fill=FALSE, maxsize = 1.5, main = "PM concentrations")




Exploring distance vs. variance
2y (h) = average[(Z(z‘) - Z(j))z] Dist.(h) vs. [z(x+h)-z(x)]?

variogram cloud

200

dis_PM
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sgri(dis_STN)




Exploring distance vs. variance (R code)
27(h) = average(Z()-2()))’|  Dist.(h) vs. [z(x+h)-z(x)]?

¥x= coordinates(EPA_STN)[,1]
y= coordinates (EPA_STN)[,2]

STNDF = chind(x,y)
dis_STN= dist(STNDF)

pm= EPA_STNGdatal,12]

PMDF= cbind(pm,pm)
dis_PM = dist(PMDF)

plot(dis_PM~sqrt(dis_STN))
abline(Im(dis_PM~sqrt(dis_STN)), lwd=3, col="red")



Using variogram() function in R

variogram {gstat} R Documentation

Calculate Sample or Residual Variogram or Variogram
Cloud

Description

Calculates the sample variogram from data, or in case of a linear model is given, for the residuals, with
options for directional, robust, and pooled variogram, and for irregular distance intervals.

In case spatio-temporal data is provided, the function varicgramsaT is called with a different set of
parameters.

Tibrary(gstat)
pm.vgm = variogram(PM~1, EPA_STN,cutoff=80000, width=1000)




Using variogram() function in R

Tibrary(gstat)
pm.vgm = variogram(PM~1, EPA_STN,cutoff=80000, width=1000)

plot(pm.wvgm)
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Fitting a Variogram Model

Semivariance

fit variogram {gstat}

Fit a Variogram Model to a Sample Variogram

Description
Fit ranges and/or sills from a simple or nested variogram model to a sample variogram

Usage

Range

} Nugget

L]

® QObserved

Sil — Empirical

10

fit.variogram(cbject,| modell, fit.=1lls = TRUE, fit.ranges = TRUE,

fit.method = 7, debug.lewvel = 1, warn.if.neg = FALSE,

Sill, func.

20 30 40
Lag distance

fit.kappa = FALSE)

range, nugget

pm.fit = fit.variogram(Cpm.vgm, |model = vgm(1000, "Exp",2000,1)




® Observed
— Empirical

Sill

Semivariance
N

vgm {gstat}

. } Nugget

Generate, or Add to Variogram Model 0 10 20 30 40

Lag distance

Description

Generates a variogram model, or adds to an existing model. print . variogramMadel prints the essence of a
variogram model.

Usage

vgm(p=sill = NA&A, model, range = NA, nugget, add.to, anis, kappa = 0.5, ..., covtabl
Err = 0)

## 532 method for class "variogramModel'

print(x, ...)

a=z.vgm.variomodel (m)

Sill, func. range, nugget

pm.fit = fit.variogramCpm.vgm, |[model = vgm(1000, "Exp",2000,1)|)




Tibrary(gstat)
pm. vgm
pm.fit
plot(pm.vgm,pm.fit)

variogram(PM~1, EPA_STN,cutoff=80000, width=2000)
fit.variogram(pm.vgm, model = wvgm(1000, "Exp",20000,1) )
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Geostatistical Approach to
Spatial Interpolation:
using semivariogram
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‘ Basics of Geostatistics:
Understanding underlying spatial structures

§| ine concentration in so B there seems to be a spatial pattern
.

I . | of how the values change;

f oo - M values that are closer together are

more similar;

B |ocally, the values can differ without

any systematic rule (randomly)




Universal Model of Variation

Z(s)=Z"(s)+¢€'(s)+¢&"

/*(s) is the deterministic component
£'(s) is the spatially correlated random component

£”is the pure noise, e.g. the measurement error.



Ordinary Krigin
y RHigIng Z(s)=Z"(s)+¢€'(s)+¢&"

Assumptions

a Z(s) should be normally distributed

a The global structure Z*(s) is constant and unknown

a Covariance between values of €’(s) depends only on distance

between the points
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‘ Principle of Spatial Prediction

(@)

A (b)
E(SIJH.,,. T z(s) 4 .
I e E —— .
. . . ° g
- T
e —

Zo(S0) = ), wilS0) - 2(s)) = Ag - 2
i=1

where A, is the vector of kriging weights (w;),
z is the vector of n observations at primary locations.




2.7

7 Uk = 3 unbiased

~ M
The weighted linear estimator for location s, 1s:  Z, = 3 w; Z; (*)
i=1

The estimation error at location s, 1s the difference between the predictor and the random variable

modeling the true value at that location: .

The bias is: E(RU) = E(Z w;Z; _ZU): ZE(WI-ZI-)—E(Z[])
= Y wE(Z)-E(Zy)=Zwu—p=pEw,—1)

So.aslongas ¥ . =1, the weighted linear estimator (*) is unbiased.

However, how to estimate the weight?




Minimizing the mean squared error (MSE)

Kriging is such a method that determines the weights so that the mean squared error (MSE) is

minimized:

MSE = E((fg ~-Z, )2)

subject to the unbiasedness constraint > w; = L.

4

The final ordinary kriging system is:

C w = D
W, [ C

C, .. C, 1 w,

I I R » w=C'D

10

c, ... C, 1 W, C,
1 .. 1 0 A ]

(nt+1)x(nt+1) (n+1)x1 (nt+1)x1



i 2 g 2

Minimizing  f ( T, 552)

Subject to 9(331: xg) _ O

< )
(% 23)

Lagrangian function (L) L(zy, 25, A) = f(xy, 29) ﬂ@ﬂxl: T3)

oL o oL 0 ol L, Lagrange multiplier
dr,  Oxy X




Kriging Method

4 Range
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Assume we have a model: L }Nugget
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Z(S) — ‘_I,J + 6(5), Lag distance

where &(s) 1s a zero mean second-order stationary random field with covariogram function C(/)

- n
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i=1
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kriging Variance

A w =D
0 72 - N 1 ] o]
7210 0 o 72 1 W, 720
¢ | ... = |... > w=/7"D
Ym Ym2 - 0 1 "n /no
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kriging variance in terms of variogram

O'(z)K =>W¥io—A=w'D,



Ordinary Kriging Estimate
and Standard Deviation

MNarthing (m)

Estimated Porosity (%) Using Ordinary Kriging Ordinary Kriging Standard Deviation
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Ordinary Kriging 3+ & § &
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:+ 8 9 ] Exponential semivariogram model
with parameters ¢, =0.¢; = 10, a = 3.33.

Range
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Y(h) = 10(1 — e7333).
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Distance matrix =
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(3]
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Wy Y10
L /20
= E’ WZF_ID
Wy Vno
m+Dx1 (n+1)x1 h)=10(1 — e 333)
S0 S1 S4 Sy Se S7
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Y(h) =
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The answer is:

(()114\

0.317
0.129
0.086
0.151
0.057

9.952

4.893

0
9.637
9.798
9.093
9.510
9.938

1

9.564

9.637

0
7.095
9.800
9.889
9.637

1

9.800
9.798
7.095

] Kriging Weights

9.510
9.093

9.740
9.510
9.889
9.847
4.893

0
9.806

1

0.08¢
\(0.900)/} Lagrange multiplier

9.952
9.938
9.637
8.775
9.775
9.806

1

i

(

~
(-

N

\

7.384 \
6.614
9.109
9.420
8.664
9.316
9.823

y




-8 8 1 Kriging Estimate and Variance

The predicted value at location s is equal to:
n
=) w;z(s;) = 0.174(477) + - - - + 0.086(783) = 592.59.
And the variance:

Z (si — S0) + A = 0.174(7.384) + - - - + 0.086(9.823) + 0.906 = 8.96.

95% confidence Interval
592.59 + 1.961/8.96

Or




R Lab: Ordinary Kriging

krige {gstat} R Documentation

Simple, Ordinary or Universal, global or local, Point or Block
Kriging, or simulation.

Description

Function for simple, ordinary or universal kriging (sometimes called external drift kriging), kriging in a local
neighbourhood, point kriging or kriging of block mean values (rectangular or irregular blocks), and conditional
(Gaussian or indicator) simulation equivalents for all kriging varieties, and function for inverse distance weighted
interpolation. For multivariable prediction, see gstat and predict

pm.kriged = krige(PM~1, EPA_STN, model = pm.fi1t)




R Lab: Ordinary Kriging

oA Bl L7 RERR T K150
X =304023
Y=2767886

ntu_pts <-SpatialPoints(cbind(304023,2767886), projd4string = CRS(projd4string(EPA_STN)))

krige(PM~1, EPA_STN, model = pm.fit)

= krige(PM~1, EPA_STN, ntu_pts, model = pm.f1t)
[using ordinary krigingl

coordinates varl.pred varl.var
1 (304023, 276788B6) 81.61952 215.2997




R Lab: Ordinary Kriging
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# generating grid

ﬁrnj45tring{EPA_5TN)
grid <- makegrid(EPA_STN,

grid =- SpatialPoints(grid, projd4string
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R code: Ordinary Kriging

pm.kriged = krige(PM~1, EPA_STN, grid, model = pm.fit)

spplot(pm.kriged["varl.pred”])
spplot(pm.kriged["varl.var"”])
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Conditional Simulation

- Spatial mean estimated by kriging.

- Uncertain/stochastic aspect simulated.

- Offers a realistic representation of the
variable.

- Gaussian simulations - simulated
portion follows a normal distribution.

pm.condsim = krige(PM~1, EPA_STN, grid, model = pm.fit,(nmax = 30, nsim = 10)
spplot(pm.condsim)
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‘ Workflow of Geostatistical Estimation

Map sample sites of soil nitrogen

Conduct exploratory analysis
to discover spatial patterns
Saptial distribution

of soil mitrogen{g/sq. m)
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Perform geostatistical simulation

Perform uncertainly analysis
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Further Issues

= Directional variogram (e.g. terrain effect)
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Further Issues

= Space-time variogram




Further Issues

= Network structure

(e.g. river, road,...)

X

Q355 (m/s)

o (001 -0.020
e (.051 - 0.100
0.101 - 0.150
0.151-0.250
0.251 - 0.35¢
0.351 - 0.55(

— () 551 . 075

0.751-095

— () 951 . 1 50

(
0o 0O O 0O 9 9

e 1501 - 220

PSBI

wmz
D

.170L‘}
O{,

801

6

Top-kriging
Ny

~+.100 1002
N w/j
1S

N

0
0
801
o

A /




Further Issues

m Regression- Kriging (universal Kriging)

P T
2(s0) = ma(so) + €(s0) =D B - ar(so) D Ai - e(si)
k=0 1=1

Actual distribution of the

target variable

(if we would sample it very densely)
Target variable

A

Field samples

z(s)

m(s)

Regression

_. 4 |function (trend)

Z(s)
Final estimate
by regression-kriging

- e(s)

————— Residuals

-
>

geographical space (s)




Further Issues

= Binary outcome variable: Indicator Kriging

Map of Indicator Kriged Probabilities
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Deterministic:
L |
77,
= =l d’
1 — n
1
i=] dpi'

Inverse Distance Weighting

Inverse distance weighting (IDW) is a
deterministic, nonlinear interpolation
technique that uses a weighted average
of the attribute (i.e., phenomenon)
values from nearby sample points to
estimate the magnitude of that attribute
at non-sampled locations.




R code: Inverse Distance Weighting

pm.1dw = 1dw(PM~1, EPA_STN, grid, 1dp=1)
spplot(pm.1dw)

Ordinary Kriging idp=1 idp =2 idp=3

l E
% ‘ : {

5.048,36.42]
36.42,67 78]
(67.78,99.15]
(99.15,130.5]
(130.5,161.9]




