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Spatial Interpolation/Prediction

 Stochastic (geostatistics)

 Semivariogram and Kriging Method

 Deterministic and Non-parametric

 Inverse Distance Weighting (IDW)



Geostatistics:
Principles of Spatial Interpolation

Z(x): a regionalized random 
variable that is associated 
with a true measurement, 
z(x), that characterizes the 
quantity of a variable at 
point x.



Spatial Covariance vs. Variogram

 Spatial Covariance: how that variable is distributed 
across space, focusing on the degree of similarity 
among pairs of data points.

 We can define the values of the random variable Z at 
two locations, Z(x) and Z(x + h), where h represents 
the distance (spatial lag) between a pair of sampling 
sites.



Spatial Covariance Function

spatial structure of the data

assumption of stationary covariance 

However, it cannot be estimated directly



Variogram

 A variogram might be thought of as 
“dissimilarity between point values as a function 
of distance”, such that the dissimilarity is 
greater for points that are farther apart



Variogram: Mathematical definition

N(h): the number of paired comparisons at lag h.



Semivariogram
半變異元圖



Concept of 
Semivariogram



Fitting a Variogram Model

 Now, we’re going to fit a variogram model (i.e., curve) to the 
empirical variogram

 That is, based on the shape of the empirical variogram, 
different variogram curves might be fit

 The curve fitting generally employs the method of least 
squares – the same method that’s used in regression analysis



Variogram Model



The Variogram Parameters

 The variogram models are a function of three parameters, 
known as the range, the sill, and the nugget.

 Semivariance value where it flattens out is called a “sill.” 

 The distance range for which there is a slope is called the 
“neighborhood”; this is where there is positive spatial 
structure

 The intercept is called the “nugget” and represents random 
noise that is spatially independent



Variogram Models

spherical model

exponential model

power function



Variogram Models

spherical model

• the most widely used.

• Monotonically non-decreasing: 
as h increases, the value of γ(h) does not 
decrease - i.e., it goes up (until h≤r) or 
stays the same (h>r)

nugget (sill-nugget)

range



Variogram Models

exponential model

• similar to the spherical model, but assumes that the correlation 

never reaches exactly zero, regardless of how great the distances 

between points are

• In other words, the variogram approaches the value of the sill 

asymptotically

• Because the sill is never actually reached, the range is generally 

considered to be the smallest distance after which the covariance 

is 5% or less of the maximum covariance

• The model is monotonically increasing

– I.e., as h goes up, so does γ(h)



Variogram Models



Variogram Models



Variogram Models

The Wave (Hole-Effect) Model
the waves exhibit a periodic pattern. A 
non-standard form of spatial 
autocorrelation applies. Peaks are 
similar in values to other peaks, and 
troughs are similar in values to other 
troughs. However, note the dampening 
in the covariogram and variogram 
below: That is, peaks that are closer 
together have values that are more 
correlated than peaks that are father 
apart (and same holds for troughs).



Steps of Variogram Modeling

(a) sampling locations (n=155) and measured variable

(b) variogram cloud showing semivariances for all pairs



Steps of Variogram Modeling (cont’d)

(c) semivariances aggregated to lags of about 100 m

(d) the final variogram model fitting



Lab: Variogram (Exploring data)

 安裝R套件 gstat



Data: 台灣環保署空氣品質測站資料
(shape file)

73 obs. x 16 variables 



R code: loading data



Exploring distance vs. variance

variogram cloud 

Dist.(h) vs. [z(x+h)-z(x)]2



Exploring distance vs. variance (R code)

Dist.(h) vs. [z(x+h)-z(x)]2



Using variogram() function in R



Using variogram() function in R



Fitting a Variogram Model

Sill,  func. range, nugget



Sill,  func. range, nugget





Geostatistical Approach to
Spatial Interpolation:
using semivariogram

Input Process                           Output



Basics of Geostatistics: 
Understanding underlying spatial structures

 there seems to be a spatial pattern 

of how the values change; 

 values that are closer together are 

more similar; 

 locally, the values can differ without 

any systematic rule (randomly)

zinc concentration in soil



Universal Model of Variation

 Z*(s) is the deterministic component

 ε’(s) is the spatially correlated random component

 ε’’ is the pure noise, e.g. the measurement error.



Ordinary Kriging

 Assumptions

 Z(s) should be normally distributed

 The global structure Z*(s) is constant and unknown

 Covariance between values of ε’(s) depends only on distance 

between the points



Principle of Spatial Prediction



不偏估計 unbiased

However, how to estimate the weight?



Minimizing the mean squared error (MSE) 



如何求解極端值?

Minimizing 

Subject to
(受限於)

Lagrangian function (L)

Lagrange multiplier



Kriging Method



kriging Variance

kriging variance in terms of variogram



Ordinary Kriging Estimate 
and Standard Deviation



Ordinary Kriging 計算實例



計算實例 Exponential semivariogram model 
with parameters



計算實例 Distance Matrix



計算實例 Exponential semivariogram



計算實例 Kriging Weights

Lagrange multiplier



計算實例 Kriging Estimate and Variance

95% confidence Interval



R Lab: Ordinary Kriging



R Lab: Ordinary Kriging

台灣大學的位置台北市羅斯福路四段1號

X = 304023

Y = 2767886



R Lab: Ordinary Kriging

建立涵蓋台灣範圍的估計點。 makegrid()



R code: Ordinary Kriging



Predicted 
PM values

Variance



Conditional Simulation





Workflow of Geostatistical Estimation 



Further Issues

 Directional variogram (e.g. terrain effect)



Further Issues

 Space-time variogram



Further Issues

 Network structure

(e.g. river, road,…)



Further Issues

 Regression- Kriging (universal Kriging)



Further Issues

 Binary outcome variable: Indicator Kriging



Deterministic: Inverse Distance Weighting

Inverse distance weighting (IDW) is a 
deterministic, nonlinear interpolation 
technique that uses a weighted average 
of the attribute (i.e., phenomenon) 
values from nearby sample points to 
estimate the magnitude of that attribute 
at non-sampled locations.



R code: Inverse Distance Weighting

idp = 1 idp = 2 idp = 3Ordinary Kriging


